Chiral random matrix models: thermodynamics, phase transitions and universality by Janik, R et al.
Chiral Random Matrix Models :
Thermodynamics, Phase Transitions and Universality
Romuald Janik1, Maciej A. Nowak1;2 and Ismail Zahed3
1 Department of Physics, Jagellonian University, 30-059 Krakow, Poland.
2 GSI, Plankstr. 1, D-64291 Darmstadt, Germany &
Institut fu¨r Kernphysik, TH Darmstadt, D-64289 Darmstadt, Germany
3Department of Physics, SUNY, Stony Brook, New York 11794, USA.
(April 6, 1996)
For one flavour, we observe that standard chiral random
matrix models as inspired from QCD spin and color symme-
try, are a simplied version of the Nambu-Jona-Lasinio (NJL)
model whether in vacuum or matter. The ensuing thermody-
namics is that of constituent quarks, with an entropy driven
second-order transition and mean-eld exponents. At zero
temperature but nite chemical potential , the transition is
rst order, with a critical  of the order of the constituent
quark mass. The transition occurs at zero baryon density,
since chiral random matrix models do not support a Fermi
surface. For two and three flavours non-standard chiral ran-
dom matrix models with UA(1) breaking are suggested, with
mean-eld phase transitions in large N . For three flavours
and small current masses (weak eld), the chiral random ma-
trix model exhibits a rst order transition remiscent of the
isotropic-nematic transition in liquid crystals. The latter dis-
plays a tricritical point for strong elds. Some issues related
to connement are briefly discussed.
1. A large number of nite-temperature and density
studies in the recent past have focused on the Nambu-
Jona-Lasinio model (NJL) or extension thereof [1]. These
models capture the essentials of the spontaneous breaking
of chiral symmetry in the vacuum, and have been used
to model the properties of the low-lying pseudoscalar
nonet. They bear much in common with more mi-
croscopically motivated thermodynamical descriptions of
the QCD vacuum such as the instanton model [2].
In these models, the low-lying spectrum is composed of
constituent quarks and mesons. In the ground state, the
quark-antiquark interaction is attractive in the singlet-
isosinglet providing a simple mechanism for the sponta-
neous breaking of chiral symmetry, through quark con-
densation. With increasing density or temperature, the
constituent quarks in the Fermi sea overcome the "asym-
metry" produced by the condensation of the quarks, lead-
ing to a chirally symmetric phase of screened quarks. The
transition is mean-eld in nature, and mostly entropy
driven.
Since chiral symmetry breaking is encoded in the eigen-
value distribution at zero virtuality, it is clear that a chi-
ral phase transition would aect quantitatively this dis-
tribution. Chiral random matrix models have proven to
be a very ecient way to get at the eigenvalue distribu-
tion of QCD inspired Dirac spectra. In this letter, we in-
vestigate the relationship between chiral random matrix
models and Nambu-Jona-Lasinio models both in vacuum
and matter. In section 2, we show that for one flavor
chiral random matrix models follow from the NJL model
restricted to (spatially) constant quark modes for a spe-
cic admixture of Matsubara modes. In section 3, we
analyze in details the thermodynamics of the chiral ran-
dom matrix models. In the large N limit and at high
temperature, the order parameter satises a cubic equa-
tion, generic of a second order transition [3]. All critical
exponents are shown to be mean-eld. In section 4, we
comment on the character of the Dirac spectrum at nite
temperature and density. In section 5, we suggest non-
standard chiral random matrix models, for two and three
flavors with explicit UA(1) breaking. For three flavors,
the order parameter in large N and at high temperature
is shown to satisfy a cubic equation, generic of a rst
order transtion [3]. The transition is analogous to the
isotropic-nematic transition observed in liquid crystals.
In section 5, some issues related to the lack of conne-
ment in these models and their impact on the thermo-
dynamics are discussed. In section 7, we summarize our
conclusions and recommendations.
2. To illustrate these points, consider rst the case
of one flavor, with the schematic Lagrangian in four Eu-
clidean space as given by
L4 = + 










L4 = + 
y
R(iγ  @ + iγ4) L +  
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L(iγ  @ + iγ4) R
+ yR i(P +m) R +  
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in the chiral basis  = ( R;  L). Here P; P
y stand for
independent auxiliary elds, g is a xed coupling and
 is a real chemical potential. Note that the Minkowski
elds follow from the Euclidean elds through (i y;  )!
( ;  ). Equation (2) is dened on the strip   V3 in
Euclidean space, with P ( + ; ~x) = P (; ~x), and  ( +
; ~x) = − (; ~x), and a 3-momentum cut-o .
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To establish the connection to chiral random matrix
models [4], further simplications are needed. The anti-
periodicity of the quark elds yields
 (; ~x) =
+1X
n=−1
e−i!n  xn (3)
where !n = (2n + 1)T are the Matsubara frequencies
(T = 1=), and x = 1; 2; :::;N label discrete points
in space. Space is here a grid of dimension N , where
each point contains a quark of frequency n which is ei-
ther left-handed (L) or right-handed (R). If we further
assume that the auxiliary elds P; P y are constant in
space and time, the action in (2) reduces dimension-
ally to 0-dimensional one with innitely many Matsub-
ara modes. The corresponding partition function can be












i(m+ P ) !n + i








n and  = V3=2g
2,
where qxn are now dimensionless Grassmann variables.
The determinant in (4) is over 2 2 matrices.
The relation of the present discussion to chiral random
matrix models in matter can be found by rewriting the
squares in (2) and integrating over the shifted auxiliary
eld. In terms of the rescaled elds, the result is
L0 = q






with Ω = !n1n⊗1x. We note that a constant P implies
that only certain combinations of the Matsubara modes
are allowed to interact with each other. This is manifest
when translating the local four-fermi interaction in (1) to















A constant P implies the kinematic choice n = m and
k = l. Other choices are also possible and lead to dierent
random matrix ensembles. At high temperature, all en-
sembles become the same since they are dominated by the
two lowest Matsubara modes !0 = +T and !−1 = −T
(see below).
Consider now the new auxiliary matrix Ax;yn;m with en-
tries both in ordinary space x; y and frequency space
n;m. A is a doubly banded, complex matrix with di-
mensions (N  N) ⊗ (11). In contrast with P , the
matrix A bosonizes pairs of quarks of opposite chirality.
For the lowest two Matsubara frequencies it is simply
(N  N) ⊗ (2  2) matrix . In terms of A, eq. (5) be-
comes
L0 = +q
y((Ω + i)γ4 + im)q
+NTrx;n(AA




where the trace in (7) is over x and n. The partition
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The determinant in (8) is over chirality (2), space (x),
and frequency space (n). This is an example of a chiral
random matrix model. When restricted to n = 0 with
!0 = 0 and  = 0, this is just the chiral random matrix
discussed in [4] for one flavor. For !0 = T and  = 0
this is simply the chiral random matrix model discussed
in [5]. Other versions are also possible. For instance, if in
(6) we choose instead n = l and m = k we will generate
a chiral random matrix model discussed in [6] for  = 0.
Although these models dier in their form, we will show
below that they all lead to the same high temperature
behavior that is controlled by a universal equation, with
mean-eld critical exponents. We would like to stress
that (4) and (8) are equivalent order by order in 1=N .
3. To discuss the thermodynamics of the random ma-
trix model, it is best to use (4) in large N with n = N=V3
xed. The eective potential associated to (4) reads












(P +m)(P y +m) (11)
The sum in (10) can be done using standard methods,
and the answer is
H = NPP y
−N
 
! + T ln
Y

(1 + e−(!)=T )
!
(12)
The rst term is a simple version of the vacuum energy,
while the second term combines the contribution from the
\Dirac sea" and matter. In this schematic model, the
Dirac spectrum is simplied to two-levels in frequency
space (!) for each x = 1; 2; :::;N , and for each handed-
ness L;R. Recall that NF = 1. There is no kinetic energy
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associated to the quarks in either (4) or (8). These de-









The rst term is the thermal pressure of free constituent
quarks, while the second term is a vacuum energy.
In large N , the extremum of the energy (12) yields a
gap equation for P ( we restrict here the solutions to the
case P = P y)
2P = 1− n− n (14)
where n = (e(!−)=T + 1)−1 for particles and n =
(e(!+)=T+1)−1 for antiparticles. The constituent quark
density is











= n (n− n) (15)
while the quark condensate is










= −2n P (16)
A non-vanishing P implies a non-vanishing quark con-
densate, hence a spontaneous breaking of chiral symme-
try. The relations (14-16) are just schematic versions of
the usual gap, density and condensate relations in the
NJL models.
For zero current mass m, the gap equation (14) ad-
mits solutions only for T  Tc = 1=(4). For non-zero
current mass m there is always a solution, albeit with
P  m for T  Tc and m  0. Although the random
matrix models we constructed appeared to depend on the
way we mix the various Matsubara modes, at high tem-
perature we expect only the lowest modes !0 and !−1 to
survive, making the various matrix models equivalent to
each other. Indeed, at high temperature and for T  Tc
the gap equation (14) simplies to
g(P +m)




with h = m, 2 = (T − Tc)=Tc and g = (12T 2c )
−1. Eq.
(17) has the generic form of a cubic equation, as expected
from mean-eld treatments of chiral phase transitions [3].
Indeed, (17) is just the gap equation generated from the
eective potential [3]










where in the present case c = 0.
The high temperature expansion through (17) provides
an accurate description of the chiral phase transition in
the chiral random matrix model (4) that is consistent
with universality. Indeed, from (17) it follows that at
T = Tc, and for a weak external eld h (current mass),
P  h
1
3 , and hence the critical exponent  = 3. For
h = 0 but T 6= Tc, P  (T − Tc)
1
2 . Since the chiral
condensate ih y i  P , the next critical exponent  =
1=2. Moreover, from (13) the pressure P  T , so that
the specic heat C  (T − Tc)0 with a critical exponent
 = 0. The scalar quark susceptibility
(T ) = h
(
 y − h y i
2
i (19)
measures the correlation length produced by the ex-
change of a constant scalar in the chiral random matrix
model. It is saturated by the scalar mass,   1=m2. The
latter follows from (4) by shifting P = P+ around the
saddle point solution. In the Gaussian approximation
m = 2P. Thus   (T −Tc)−1 with a critical exponent
γ = 1. Finally, since the random matrix model does not
have any space-time dependence, it is not possible to use
it to analyze the  and  critical exponents. It is however
straightforward to understand that in the NJL model, we
expect that in the pion-channel  with P = P +  + i,
the asymptotics is
C(x; T ) 
1
j~xj
e−m(T ) j~xj: (20)







 (T − Tc)
− 12 (21)
with critical exponents  = 12 and  = 0. The set of
all critical exponents derived so far (; ; γ; ; ; ) =
(0; 12 ; 1; 3;
1
2 ; 0) is known as the set of mean-eld expo-
nents. They are universal and characterize a phase tran-
sition that is second-order and of the type discussed by
Landau and Ginzburg.
4. To discuss the spectral distribution of the Dirac
operator in the medium, it is best to use (8-9), instead










where the averaging is carried using (8) in the un-
quenched approximation. The spectral distribution as-






In the large N limit and in the quenched approxima-
tion, the resolvent (22) can be readily found to satisfy
in general Pastur’s equation [7] by the method of Blue’s
functions [8,9]. For m =  = 0 and at high temperature
(only one Matsubara mode retained), Pastur’s equation
for G(z) is a cubic equation of the form [9]
G3 − 2zG2 + (z2 − 2T 2 + 1)G− z = 0 (24)
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The spectral distribution following from (24) has been
discussed in [6,9,10], in overall agreement with numeri-
cal investigations [5]. There is no need to repeat it here.
We only note that since the resolvent coincides with its
imaginary part at  = 0, hence with (0) and therefore
the chiral condensate [11], it follows that (24) is just the
realization of the cubic equation (18), expected from uni-
versality [3].
The role of the chemical potential in our description
can be best seen by specializing to T = 0. In this case,
n = ( − !) and n = 0, where  is a step function.
Clearly, Q 6= 0 only when the chemical potential   !,
in which case P = 0 and hence a vanishing quark conden-
sate. Our space independent quark modes have a Fermi
surface that is sitting precisely at the level +!. Any nite
quark density causes a restoration of chiral symmetry,
since the latter is caused by the asymmetry in the spec-
trum obtained by populating the mode −!. To achieve
more one has to take into account the space-variation
of the quark wave-function, which leads to a eld-theory
rather than a matrix model. In this case, we are back
to the NJL descriptions or QCD itself. The situation
0    ! does not support any nite density (Fermi-
level in the Dirac gap). Since ! plays in our case, the
role of a (shifted) constituent mass, chiral symmetry is
restored for   !  mN=3, where the nucleon mass mN
is qualitativaly set equal to three times the constituent
quark mass !. From our discussion, the transition is
sharply rst order and occurs at zero baryon density.
The Dirac distribution of eigenvalues at nite density
has attracted some attention on the lattice [12]. Al-
though the thermodynamical arguments above, show the
limitations of the constant mode approach to the density
problem (absence of a Fermi surface), it is worth men-












yields a resolvent, that also satises a cubic equation.
Indeed, (25) is the sum of a deterministic and a ran-
dom piece. The deterministic piece is non-hermitian for
 6= 0, resulting into complex eigenvalues for Q5. It has
eigenvalues 
p
m2 − 2. The real case m   has been
discussed in [9] in the quenched approximation, and will
not be repeated here. The complex case  > m in the




(z −G)2 + 2
(26)
where we have set  =
p
2 −m2 > 0. This is a cubic
(Cardano) equation for G(z). Since the eigenvalues of
1In the context of four dimensional eld-theories Q5 =
−iγ5Q is the Hamiltonian of a Dirac particle in ve
dimensions.
Q5 are complex, the spectral distribution (z) is valued
in the z-plane. If we were to note that < TrN ln(z−Q5) >
plays the role of a potential in the z-plane, (z) follows
from the singularities of the potential through Poisson’s
equation [12]. It is therefore sucient to understand
the discontinuities of G(z) (electric eld) in the z-plane.
Here, this can be done through either numerical simula-
tions using random matrices [13], Blue’s functions [8,9],
or the method of discriminants [14].
The discontinuities of G(z) in the z-plane involve two
dierent solutions to (26). The end-points of the dis-
continuities are given by the zeroes of the discriminant
[14]
42z4 + z2(84 − 202 − 1) + 4(+ 1)3 = 0 (27)
of which the roots are given by
z2 =





For  = 0 or  = m, there are two real roots z = 2.
The result is a cut along the real axis between −2 and
+2. The discontinuity along the cut is Wigner’s sumrise
distribution for the spectral density through (23). With
increasing 2 ! 1=8, the two roots approach each other
and tend to 
p
27=8, followed by the emergence of two
new roots from real innity. We identify these new roots
with the branch points of cuts that are rejected to inn-
ity. Since the spectrum is bounded, these solutions are
not physical. For 2 = 1=8, the branch points coalesce
pair-wise on the real axis. For 2 > 1=8, z2 acquires
an imaginary part, resulting into four endpoints that are
symmetric about the real axis. The cuts have moved o
the real axis. If we keep identifying the (physical) dis-
continuity along the real axis with the quark density of
states [11], then the present analysis shows a jump at
2 = 1=8.
The behavior of these singularities is overall consistent
with the above thermodynamical description. For  p
m2 + 1=82 there is a gap in the spectrum 2. This is
to be compared with   m+P discussed above. When
 
p
m2 + 1=82, there is a phase change, in which





27=8, to zero. The transition
is rst order as discussed above.
These mean-eld results are not totally supported
by quenched lattice simulations of QCD [12]. Indeed,
quenched lattice calculations show a rapid change in the
chiral condensate for   m=2 (or 0 in the chiral limit)
where m is the lattice pion mass. Also detailed stud-
ies of the Dirac eigenvalue distributions seem to support
that. Since the above results are strictly valid only for
N = 1, it may be that some of the lattice eects are
2We have reinstated  for dimensional reasons.
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related to nite N . There may also be subtleties related
to the thermodynamical limit in the quenched approxi-
mation for a nite chemical potential.
5. For two and more flavours, we can use the above
analogy with the NJL model to construct non-standard
chiral random matrix models with explicit UA(1) break-
ing. This is usually hard to achieve in the QCD inspired
chiral random matrix models, unless one resorts to rect-
angular matrices. With this in mind and for two flavors















im+ aAaR Ω + i
Ω + i im+ aAaL

(29)
where a = (1; i~) and a = 0; 1; 2; 3. For each frequency
n, the entries in (29) are (NF ; NF )⊗(N;N) valued, with
m, Ω deterministic and AR;L random and hermitean. A












i(m+ PR) !n + i
!n + i i(m+ PL)

(30)
where now the PL;R are complex 2  2 valued auxillary
elds, that transform generically as VLPLV
y
L under U(2)L
and similarly for PR with VR. The determinant in (30)
is over chirality (2) and flavor (f). For m = 0 eq.(30) is
invariant under SU(2)L  SU(2)R, but breaks explicitly
the U(1)A. A simple eld theoretical realization of these
ideas can be found in dilute instanton systems with two
flavors [2]. In the large N limit, the parity even and
isospin symmetric saddle point associated to (30) hence
(29) belongs to the universality class described by the








with   diag PR;L. Eq.(31) is only valid for tempera-
tures T  Tc  1=4, with c = 1 − 4T and for a weak
external eld h = −m. The quadratic term in (31), orig-
inates from the 22 determinants in (30) which are seen
to break explicitly the UA(1) symmetry.
For three flavours, the appropriate random matrix



















detfx (Mn + A[N+; N−]) (32)







































(N+; N) (N+; N+)
 
(N;N) (N;N−)




(N−; N) (N−; N+)
 
(N+; N) (N+; N−)
(N−; N) (N−; N−)

1CCCCA (35)
All entries in (33-35) are NF NF valued.







where P is a complex NF  NF valued matrix, we can












i(m + P ) !n + i




In the large N limit the saddle point equation associated
to (37) is SU(2)L  SU(2)R symmetric but UA(1) vio-
lating. At nite temperature the random matrix model
(32) undergoes a rst order transition. A eld-theoretical
realization of (37) can be found in instanton models [2],
as well as variants of the NJL models [1]. At the critical
point, and for SU(3)V symmetric masses, the universal
potential for the parity even saddle point for   diagP
follows from










with NF = 3, h = −m, 2 = 4T − 1, c = −4T and
g = 1=12T 2. In the parameter range (4T − 1)  0 and
(482T 4−4T+1)  0, (38) allows for a rst order tran-
sition (weak external eld) with a critical temperature Tc
xed by the conditions L0(Tc;) = L0(Tc; 0) and simi-
larly for its derivative L00(Tc;) = L
0
0(Tc; 0). As T ! Tc
from below,  = 2c=3g with 2 = 2c2=9g  0. For strong
external elds, the transition turns second order.
The rst order transition described by (38) is reminis-
cent of the one encountered in the Maier-Saupe model
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for the transition from an isotropic molecular phase to
a nematic phase in liquid crystals [15,16]. Indeed, if we
were to denote by Q the order parameter (mean orien-
tation of the molecules) in liquid crystals then in the
mean-eld approximation the free energy per molecule is
easily found to be [17]







Q4 + ::: (39)
in analogy with (38). The nematic phase corresponds
to molecules lined up along a preferential direction, but
with no long-range order. This phase is dierent from the
smectic phase which is characterized by various degrees
of translational ordering. We note that in the presence of
an external magnetic eld (above quark masses) the rst
order transition becomes second order through a tricrit-
ical point.
As a nal point in this section, we note that in the
mean-eld approximation, the equation of state [h] for
T  Tc, allows for a simple understanding of the distri-
bution of the quark eigenvalues () near zero virtual-
ity   0 through the identication () = Re (h =
i + 0), in the quenched approximation. For two fla-
vors the transition is second order with  = 1=3, hence
[h] = h1=3, so that ()  1=3. This is to be com-
pared with ()  =(+γ) expected from universality
and (Widom) scaling. For three flavors the transition is
rst order for weak eld with (0)  2c=3g for T < Tc,
and (0)  0 for T > Tc.
6. The models we have discussed here are schematic
version of the NJL model and its relatives for NF = 1. In
our case, the spectrum is that of constant  and  (fluc-
tuations in P ) as well as constituent quarks with masses
! = (P +m). In conning theories, constituent quarks
are barred from the low temperature part of the spec-
trum. Indeed, in two-dimensional QCD it can be shown
that the quarks in light-cone gauge satisfy the following
dispersion relations [18,19]
E = −k +
g2sp
2
sgn(E − k) (40)
where g2s is the xed QCD coupling in large Nc and
 ! 0 is an infrared regulator. For spatial constant
modes, (40) reduces to E = g2s=
p
2. The spectrum
collapses to two levels that are rejected to innity when
the infrared regulator is removed. Thermodynamics with
the spectrum (40) yields heavy Boltzman penalty factors
e−1=T. The contribution of the constant constituent
quark modes drop from the thermodynamics at low tem-
perature, for  ! 0. The mass gap becomes innite.
So these models do not reflect properly on conning the-
ories such as two or four dimensional QCD. They are,
however, interesting to use around the critical point Tc,
since the latter seems to be mainly driven by universal-
ity. In this regime, there may exist a window for coex-
istence between just about to be freed massless quarks
and long-wavelength mesonic correlations, depending on
the nature and character of the transition.
7. We have established the relation between a large
class of chiral random matrix models and NJL models.
For the NF = 1 case discussed here, the chiral random
matrix models are totally analogous to the ones inspired
from QCD spin and flavour symmetry, both in vacuum
and in matter. By analogy with the NJL models, we have
shown that at nite temperature the chiral random ma-
trix model is characterized by a second order transition
mean-eld critical exponents. At zero temperature but
nite chemical potential, the transition was found to be
sharply rst order for a chemical potential of the order of
the constituent quark mass (third of the nucleon mass).
The transition occurs at zero baryon density, since chiral
random matrix models have zero Fermi momentum (0-
dimensional eld theory). The thermodynamics of the
chiral random matrix models in large N is that that of a
two-level fermion system.
For two and three flavours we have constructed new
types of random matrix models that bear much in com-
mon with two and three flavors NJL models. These chi-
ral matrix models undergo a phase transition at nite
temperature. In large N the character of the transition
follows the general lore of universality [3]. In particular
for three flavors, and for a specic choice of the external
parameters, the transition is rst order and analogous
to the isotropic-nematic transition encountered in liquid
crystals.
Although connement is absent from the models under
consideration, they can still be interesting to parameter-
ize the chiral structure of a possible chiral-restoring tran-
sition near the critical point. In large N, the transition
was shown to be second order for one and two flavors,
and rst order for three flavors but small current masses.
Whether the character of the transition is changed at
nite N, we do not know. Clearly this point deserves
further studies in the context of the present models.
Although our discussion was particularly brief, we be-
lieve that the random matrix models may oer interest-
ing insights to the distribution of the quark eigenvalues
near zero virtuality and through a phase transition. In
this sense, the behaviour of () near   0 may be used
as an order parameter to characterize the onset of delo-
calization in present models as well as QCD. This can
be viewed as a new order parameter in explicitly broken
theories of chiral symmetry, in total analogy with the
conductivity in the theory of desordered systems.
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